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Abstract

A combinatorial algorithm that computes a similarity score between two sets of multidimen-
sional vectors through random string representations. The algorithm is discussed in the context

of theory of normal numbers and stochastic ordering.

1 Introduction

The Cantor diagonal method is often employed as tool for showing contradictions. Here I use the
diagonal method for constructive purposes and show that families of random diagonal bijections have
interesting number-theoretical and probabilistic properties and substructures. Those properties can
be exploited to define and compute multidimensional similarity scores or ranks.

Given a Euclidean vector, we can represent it in different bases (for example, base-2, base-3).
Moreover, as in the Cantor diagonal function, every finite dimensional vector subspace can also
be embedded in the open unit interval. In this paper, I explore the possibilities of measuring the
”distance” between two data sets that can be only obtained through alternative representations of
FEuclidean spaces. The combinatorial algorithm described in the text is an example that manifests
this idea. The results reveal intuitive but intriguing interactions between representations of the real

number system and probabilistic sampling.

2 Problem Description

Let X = {x1,X2,...,Xn} and Y = {y1,¥2,...,¥m} be sets of vectors in R”, and let W £ X UY.
Assume that X and Y are two independent samples drawn from distributions F' and G respectively,



ie. x; ~ F and yj ~ G for each € X and each y; € Y. We also assume that X and Y are both

pairwise independent. Moreover, assume F' and G satisfy the following conditions:
(a) F and G are Riemann-integrable.
(b) F and G are continuously differentiable.

(¢) The sample spaces Qp and Q¢ are relatively compact and convex in the extended Euclidean

space RP.

The question is how to design a statistic U(W) based on the observations X and Y, to respond to a
statement about the distributions F and G (e.g., Hy : F = G). When X,Y € R, the Wilcoxon rank-
sum test does the job with minimal restrictions on the distribution under the null by formulating
the alternative as H,: X is stochastically greater or stochastically less than Y [1]. However, a
multivariate test with a rejection criterion entirely analogous to the Wilcoxon test may not be robust,
as the usual stochastic order is merely a partial order[2]. When X and Y are random vectors,
it becomes increasingly unlikely that the differences between their distributions F' and G can be
captured by a partial order if F' # G is true. Nevertheless, it is still possible to devise nonparametric
rank-based tests for multivariate distributions. Deb and Sen[3][4] proposed multivariate rank-based
nonparametric tests via a notion of rank defined through optimal transport. Chatterjee[5] proposed
a test of independence through representation in base-2; the method shares similarities with the
algorithm introduced in this paper.

In the following section, I build a measure of association that could be an alternative high-
dimensional analog to the one-dimensional rank-sum statistic. It is achieved by formulating an
alternative hypothesis that is based on stochastic lexical ordering detached from the usual Euclidean
topology, and can be assessed via a finite combinatorial algorithm. I will also detail the intuition
behind the algorithm as well as some available theory regarding the algorithm’s analytical properties
and connections to number theory. To justify my idea, I invoke Borel’s theory of normal numbers,

and extend the notion of normal space to finite dimensional vector spaces.

3 The Algorithm

Base selection step {fS, ..., Bp} must be:

(1) Strictly increasing, and Sy > 2. (1)
(@) B ABP VnmeZt it () @)

Note that in implementation, B can either be deterministic or selected via sampling, and may de-
pend on the data sets. A mixture of bases can diversify the representations of X and Y. The reason
we do this is because, the digit distributions of a real number can differ considerable across different
bases. Given a set of real vectors, certain patterns are easier to detect when it is represented in

some bases than others. Condition (2) guarantees that we would not end up with some 8 € B that



Algorithm 1 L-D Algorithm
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Input: X = {x3,Xa,...,xn} C RP, Y = {y1,y2,...

(dists, , Rs, )T

Sample From Data Sets
W=XUY
X’ = sample(X, n’)
Y’ = sample(Y, m')
X® = sample(W, n')
Y® = sample(W, m/)
for r=0,...,Pdo
Base Expansion
5 = BT
X' =9p(X)
Y = (Y
Xy = ¥5(Xiy)
Yiy =1s(Yiy)
fort=0,...,7 do
Choose a Family of Diagonal via Permutations
I=m,...,m =sample(Saxp, )
DH = (Dl,...,DT) = (7T10D07...77TTOD0)
Compute Lexical Rank Scores
Ur = (Pxexs 2oyey L(Di(x[t], x[t +1:]) =
Us = (T Sy I (x[t], x[t+11) = Dilylt]
Compare Rank Scores
if distg(U1,Uz2) > R, then
return Reject = TRUE
else if t =T then
return Reject = FALSE
else
t=1t+2
Repeat
end if
end for
if Reject = FALSE or 7 = P then
return Reject = FALSE
else
T=T7+1
end if
end for

7Ym} C RD7 {BOa"'aﬂP}a

D)(ylt], ylt+1:]))izy
ylit+1:)i,




gives us information already given by B\ {8} (see the next section for discussions on normal numbers).

Diagonalization Step Let s = (s1,...,$p) and w = (wy, ...,wp) be tuples of strings. In the
family of diagonal functions, the strings si, ..., sp and wy,...,wp are treated as atomic elements.Let

x be the concatenation operator. Define a diagonal function Dy:
A
Do(s,w) = 81 %83%S3%...8p_1 % Sp * W] * Wo * W3 * ..0p_1 ¥ Wp.

Note that Dg is only one member of the diagonal function family possible on s and w. That is
why we can choose more by obtaining rearrangement functions 7y, ..., 7. sampled from S p. Note
that the algorithm recursively generates new (unused) string representations of the data, in order
to detect anomalies in relative word frequencies. There are many ways to generate injective string
representations in this context. For example, suppose we have a string w and a real vector w, then
the string w is a string representation of the vector w in base-f if and only if there exists a finite
permutation function 7 such that w = m o CH™W)(w(®)) where C¥™(W) denotes the canonical
Cantor diagonal function with R4™W) a5 its domain.

The diagonalization/permutation step is a less greedy way to streamline and add randomness to
the representation generating process. I use the binary operator Dy, instead of the canonical Cantor
diagonal function, to minimize the total number of possible representations. The block partitioning
of data ensures the prioritization of "more significant” representations over ”less significant” repre-

sentations.
Lexical Ordering under Permutations

T’ll fill this up soon. Standard lexical order is used.

4 Normality of Real Numbers

4.1 A motivating example

Consider a simple but somewhat extreme numerical example. Suppose we are presented with two
independent samples stored in matrices S and S’. Each row represents the rounded base-10 expansion
of an observation. The observations are pair-wise independent. We are asked to judge whether S

and S’ come from the same underlying distribution in R3.

6.118672 6.844465 11.70361
6.305066 7.637517 11.95928
S = |5.807376 7.477909 10.19678
6.068215 6.292909 12.31989
5.434508 6.769660 10.64101



5.719117 8.333660 10.92247
5.803110 6.796560 10.50057
S’ = [6.954881 8.338618 11.83061
6.207886 7.116304 10.75560
6.008887 7.115457 11.61501

Define dgy,(M) as the supremum of the Euclidean distances between rows of matrix M, and let
IM]|2 denote its spectral norm of . It can be verified that dg,,(S) ~ 2.445, dsp(S’) =~ 2.340, and

S
Asup( ) &~ 2.498. The spectral norms are [|S||z ~ 32.715 and ||S||2 ~ 33.081. The Euclidean
P S/

similarity between S and S’ suggests that they might be samples from the same distribution. Em-
ploying a sophisticated spatial distance-based test on larger samples, which mirror the geometric
similarities between S and S’, may still lead to the conclusion that the underlying distributions are
identical. However, intuitively, judging only by the visual presentation the matrices in numerical
form, S and S’ do not appear to be homogeneous. In the second column of S, 777 is always ensued
by 7117 if 777 is the first letter that occurs before the decimal point. And in the first column of S’,
the strings ”11” and ”88” occurs at a much higher frequency than in the first column of S, indicating
the possible presence of local attractors in the vicinity. However, these minor discrepancies in local
density can go easily undetected by a distance measure as they can be buried under substructures
that are considered more interesting geometrically, especially in high dimensions.

Overall, for given column, the cumulative frequencies of certain combinations of digits change
at a different rate in S than in S’, as we move to the right. But if S and S’ are indeed from the
same distribution, intuitively, we would expect the cumulative frequencies to converge to the same
limit if the limit exists. In fact, in the case of the standard one-dimensional uniform distribution,
the relative frequency of every possible string does converge (and observation made by Emile Borel
when he was working on the representation of real numbers). Let X ~ U(0, 1), and let 0.X7 X5 X5...
be the infinite decimal expansion of z in base 3. Borel conjectured that (1) {X;}32; is a collection
of independent variables; and (2) X; RV unif{0, ..., 8 — 1}.[6]. An extension of this phenomenon,
the notion of number normality classifies real numbers by asymptotic relative frequencies of strings.

The following subsection offers clarifications of notations aimed at facilitating a discussion on
number normality and and its generalization to finite vector spaces. This discussion will eventually
lead to the formulation of an alternative hypothesis, Cantor’s diagonal method, and ultimately my

algorithm

4.2 Preliminaries

Let = be a real number, for any 8 € Z* and 8 > 2, then x can be expressed as x = sgn(z) X
Z,‘Z:_Oo ar x %, for some a; € {0,...,8 — 1}. If x is not a B-adic rational, then z has a unique
representation in base-(. If z is a $-adic rationals, we opt for the standard expansion that ends with
infinite 0’s to represent = to ensure that the representation is unique for every real number. For
example, we identify the integer 1 with 1.0 not 0.9. Let z (é) sgn(z)a_ja—_jy1...a_1a9.a1a20a3 . ..

be the unique representation of z in base-3. Define an injective function 15(-) that maps = to a



string.

Yp(x) 2 0B & 5 0 a_141 ... a_1 ap as ag...

ax — (sgn(x),ay) for each k < J
Throughout this document, I use [ - | to subset indexed strings and tuples. For example,
2P0:1] = Yp(x)[0: 1] = ag ay.

Here are some more examples that illustrate this notation system.

2 (2) —
—— = —0.10
3
2
<_§)(2) [k] =7-17 for every positive odd integer k

2
(—§)<2>[1 03] =7-1-0-17

Since every finite real vector or matrix also have a unique representation in base-3, the injective
function ¥z can be extended to those cases. Let v be a vector in RP and let W be a matrix in
RN*P_ Define the vector v(#) component-wise as (v(?); £ (v;)#). Similarly, define the matrix
W) entry-wise as (WP)),; & (W;;)®). 15 maps a real matrix or vector to a matrix or vector

whose entries are strings.

v(®

S~—
(1>

Yp(v
Ys(W)

(1>

W)

The operator | - | is still used to subset entries of a string matrix or string vector: vgﬁ ) [d] & (v;)P)[d]
and WP [k] 2 (W) P [k].

4.3 Normal numbers and normal vectors

So far we have discussed the unique representations of real objects and clarified on notations. In
this subsection, I will discuss some fundamental results regarding normal numbers, which will lay
the groundwork for generalizations and and serves as an inspiration for an alternative hypothesis.

Let 8 > 2 be a positive integer. Let = be a real number. Suppose = has unique base-3 expansion
give by

®)
x = sgn(r)a_ja_ji1...a-109.010203 - . .

where a;, € {0, ..., — 1} for all t > —J. Then z is said to be simply normal in base-G if

. #{1<t<N:ag=c} 1
]\}gnoo N =3 for all letters ¢ € {0,...,8 — 1}.




In other words, x is simply normal if and only if every possible letter occurs at a equal frequency
in its base-f decimal expansion. Let s be a sequence of integers such that every element in s is from
the alphabet {0, ..., —1}. Denote the length of s by len(s). We say x is normal in base-§ if for any

such finite, non-empty sequence s,

i # {1 <t<N-len(s)+1:s= atat+1...at+1en(s)_1} 1
Ngnoo N - Blen(s) :

That is to say, « is simply normal in base- if and only if the letter arrangement in z(?) becomes
completely random asymptotically. Moreover, the number z is said to be simply normal if it is
simply normal in base-8 for every § > 2. Similarly, x is said to be normal if it is normal in base-8

for every 8 > 2. Suppose the string representation of x base-f is given by the string

_’L‘(B):af‘] A_J41 ... A1 40 &1 A2 .. ..

Denote the sub-string of z(®) up to and including the letter indexed by t as follows:

a_y...ay ift>—J

” ift<—J

B[ 1] &

Let ft(ﬁ )(sc, s) denote the relative frequency of the finite string s in 2(?)[ : ]. It is immediately clear

that z is normal in base-g if and only if
: (8) _ p—len(s)
Jim [ (z,5) = B

for any s entirely composed of letters in {sgn(z)0,...,sgn(z)(8 — 1)} and such that 1 <len(s) < oo
Furthermore, for any pair (¢, k) such that € € (0,1) and k € Z™, z is a normal number if and only

if there exists a positive integer T such that
O, w) - 87 < e

for any string w of length k& composed entirely of letters in {sgn(z)0,...,sgn(z)(8 —1)}.

From the definition, it is obvious that non-normal numbers exist: rational numbers cannot be
normal in any base. And there are numbers that are simply normal in one base but not simply
normal in another base. For example % is simply normal in base-2 but not simply normal in base-10.
There are only a few confirmed cases of numbers normal in a certain base. The Champernowne’s
constant 0.123456789101112..., constructed by concatenating all positive integers in ascending order,
was conjectured and proved to be normal in base-10 by Champernowne himself [7]. Copeland
and Erdos proved that 0.235711131719232931374143. .., which is constructed by concatenating all
positive integers in ascending order, is also normal in base-10. That number is now referred to as
the Copeland and Erdds constant[8]. Yet there is not a unified way to verify whether a number is
normal in a given base. As of today, it is still contested whether /2 is normal in base-2.

The set of normal numbers and the set of non-normal numbers are both dense in the reals. In



terms of cardinality, the set of non-normal numbers are uncountable. However, the real line is almost
entirely populated by normal numbers from a measure theoretical perspective, as conjectured and
partially proven by Borel[6]. Formally, the bewildering 1909 Borel’s theorem on normal numbers

states the following.
Theorem 4.3.1. (Borel). The set of non-normal numbers has Lebesgue measure 0.

Let N denote the set of all real numbers that normal in base-b. And define N' £ N3, N5
One consequence of Borel’s theorem, as mentioned in a previous sub-section, is that suppose X ~
unif(0,1), then P{X € N} = 1. Inspired by these findings, I propose a definition for a normal vector

in a similar fashion that will be immediately useful in the next section.

Definition 4.3.2. A real vector v = [vy,... ,Ud]T is said to be a normal vector in base-S if for any

1 <i<d, wehavew; € ./\/'/3. And v is said to be a normal vector if for any 1 < 4 < d, we have v; € N.
One straightforward result is:

Corollary 4.3.1. The set of all non-normal d-dimensional real vectors has Lebesgue measure 0 for
any d € 7.

Proof. Let P™ be the set of all non-normal vectors in R™. Suppose A(P") = 0. Then A\(P"*1!) <
(n+1)- MR x P") = 0, because P" is measure zero. And since Theorem 3.3.1., A\(P1) = 0, by
induction, P? is measure zero for any positive integer d. Note that there are number of ways to
build a more constructive proof. I think some cases such as the base-2 case can be proved through

multidimensional Rademacher functions. I will look into it and fill it in if I have time.

There is a number of results in normal numbers that can be directly useful for this project. A
large proportion of the vintage analytical results was produced by by Erdés and friends, and they
are highly relevant[8][9] [10]. Many are from the perspectives of discrepancy theory[11] and poly-
nomial theory[12]. Many newer results have focused on computability. This one seems particularly

interesting[13]. For a general survey, see [14].

5 Alternative Hypothesis

Having defined the notion of a normal vector, we can add a fourth condition to our list of assumptions.
(d) F must satisfy the condition that, if random variable X ~ F,
P{XeNP}=1

Let dict(S) be the finite dictionary induced by base-5. Let w = (ws, ...,wp) such that wy,...wp €



dict(3). Define a random variable ft(B) (X,w) as:

ft(ﬁ)(xlvwl)
8) ft(ﬁ)(x27 UJQ)

) (xp, wp)

From condition (d), we can build the following alternative hypothesis:

H,, : There exists a positive integer S > 2 such that, for some ¢ € Z,
and some s = (s1,...,5p) with s1,...,sp € dict(p),
such that len(s;) # 0 for some ¢,

one of the following is true:
W) 17 (X5 2 £ (.s)

2) 1O(X,8) Py, s).

We may reject Hy, if for some words (s1, ..., 84), there exists a significant discrepancy between the
empirical relative frequencies of these words in two data sets, i.e., reject the null if the difference
between ft(ﬂ )(X ,8) and ft(ﬁ ) (Y, s) crosses some threshold.

Let X and Y be the respective finite (rounded) versions of the real data matrices X(*) and

o

o X
Y®) . And let W £ lY] . Let J be the left-most index and let —K be the right-most index of the

®
i
non-existing parts of each entry are filled with 70" strings.

expansion of every entry w.:’. The data matrices are formatted in such a way that the previously

Let w = (w1, ...,wq) and w’ = (wf, ...,w’;) be tuples of strings. Define h(w,w’) to be the function

that outputs a vector:

count(wy,w}) - len™! (wy)
count (wy, wj) - len ! (wy)
h(w,w") = ?

count (wawy) - len™ ! (wg)

Define the ft(ﬁ)(Wi, s) = h(w;[ : t], s) € RP. In other words, the vector A,f'B)(Wi, s) € RP represents
the empirical relative frequency of how often (s1, ..., sp) occurs in the observation (w;1, ..., w;p), up
to and including the the t-th digit. .



Let B = {B;}/]™ be a sequence of D-dimensional hypercube, such that B; C [0,1]” and
fﬁ)(Wi,s) € B;. Let Py(X) = {ft(ﬂ) (Xi, )}, and P(Y) = {ft(ﬁ) (Y, s)}™,. Define a discrep-

ancy:

fof)(X,Y, S,B) L sup ’)‘Bl(BH . A(Bv’Pt(X)) o A(Bv’Pt(Y)) .
BeB n m

A(B;P) denotes the number of points in P that fall into the ball B, and Ap denotes the D-
dimensional Lebesgue measure. Suppose z and y are normal numbers with the same sign, then we
already know that for any pair (€, k) such that € € (0,1) and k € Z*, there exists some 7" such that

O ,w) = 1P y,w)| <26 (%)

for any string w of length k that shares the same sign as x and y. Suppose z and y are actu-
ally samples drawn from a common one-dimensional distribution, it is not too unreasonable to
assume there is another bound induced by the common distribution. Therefore, fix the j-th column,
we devise a decision rule based on the discrepancy between {fiﬁ‘]) (X5, w;j), ...7fl((B)(Xij7wj)} and
{fEBJ) (Y ,wj), ., ff(f)(Yij,wj)} for some string wj. i.e., reject the null hypothesis if the there is a
word wj, such that the relative frequencies of w; in Y.; changes at a different rate than the relative
frequencies of w; in X.;. Similarly to the discrepancy between P;(X) and P(Y) defined above, we
can define a discrepancy between R;(X) and R;(Y). Let V = {V;}7/" be a sequence of hypercubes
in R/TE+L | such that V; < [0, 11775+ and R;(w,) = {f) (Wi, w;), ., fOL(Wij,w))} € Vi

Define a discrepancy between as follows.

_ AV R;(X AV R (Y
D}f)(X,Yw,V)531;13|AJ$K+1(V)|~‘ R, (X)) AR ”\.

n m

Ideally, the test statistics are justified if we can define some connected sets A; and As to serve as

the rejection regions under the null, such that if the null is true, then,

P < sup (D(()f) (X,Y|S,B)) € A1> <a
te{J,....— K}

or

P ( sup (D;f)(X,Y\s,B)) € Ag) < a.

10



This would enable us to reject the null hypothesis if an estimated quantity exceeds its associated
threshold. The primary task then is to construct thresholds for the discrepancy statistics or other

analogous statistics that measure sequence divergence.

6 Approach 1: Can we directly estimate digit distribution

from empirical data?

One possible approach is to derive a good inference of E [X (B)] and E [
estimating each E [X_(jﬁ) [k]} and E [Y_gﬁ)[k]} where 1 < d < D and —J

there exists a triplet of integers (a,t,j) such that ¢ is non-negative and 1

] y first explicitly
k < K. Suppose
7 < D, and such

that we are gain a good approximation of the true mean of every individual X,(f )[ ],X,(f ) [a

1], ...,X‘(f) [a—t] and Y;’B)[a],Yg’B)[afl], ...,Y;’B)[aft]. Then we can approximate E {X,(f)[a ta— t]}

<
<

and E {Y,gﬂ ) [a:a— t]} by concatenating the individual estimations, and reject if the two quanti-
ties diverge. The same rational can be applied if we want to reject the null of if the sub-strings
{E { 8 [b; ]] 2 # {E [Yéﬁ) [bj]} 2., for some index set {b;},

A snnilar rationale can be applied if can reject the null by comparing empirical (atomic) digit
distributions, as the estimating joint distributions can be more unrealistic . Let g](’? denote the
empirical distribution of X _(jﬁ ) [k], and let ZA(ﬁ ) denote the empirical distribution Y,g )[k] For fixed j,
define sequences empirical distributions g](ﬁo) = gﬁ) K, and lA](BO) = {i;*i)}kK:_ ;- Let Dgr(P|Q)
denote the Kullback—Leibler divergence between discrete probability distributions P and Q. We can
measure the discrepancy between the sequences based the Kullback—Leibler divergence of the each
individual component:

DKL(AJ( )iy 2 v KL(g

074,0

where v is a real vector, and KL(gJ ; ||l(’8)) is vector defined by [KL(g(ﬁ) Hl(m)] DKL(g(’B) HZ(B))
Ideally, we can reject the null if for some j, the divergence crosses a threshold.

However, an algorithm may or may not achieve a good estimation of the atomic digit distributions
or the atomic means, depending on the underlying distribution F', the base 3 to represent the data,
and also specifically how to interrelation between each possible pair (X ,(jB ) ,..., X (ﬁ) [£]) is encoded
in F'.

Let us assume F satisfies conditions (a) through (d), and data sets Xg and Yg are drawn
according to the assumptions defined in the problem description section. For simplicity, let us also
assume the case where X = {x1,...,x,} and Y = {y1,...,ym} are the base-2 representations of Xg
and Ygr. And suppose the digits are aligned by index, i.e., each entry starts with the —J-th digit and
ends with the K-th digit, and the digits that were not in the native unique expansions are filled with
70" strings. Let ¢(Xoq | Xg) denote the conditional distribution of Xoq = [Xoa[—J]; ..., Xoa[K]]T given

Xg, if 1 < d < D. For convenience, write ¢(Xoq | Xg) as ¢(Xod), and write the marginal conditional

11



distribution of every atomic Xoq[t] as q(x.q[t]). Note that each x.q[t] here is a binary variable. If
each marginal distribution is known, then the MPM inference will decide %Xo4[t] = 0 if and only if
q(%oalt]) = 0 < g(xaalt]) = 1.

Suppose we have an algorithm A that computes ¢*(x.q[t]) and assigns x%,[t] by the MPM rule,
the question is thus under what circumstances will X,4[t] converge to E [X 5(21) [t]} in probability. Sup-
pose F' belongs to a family of distributions S, such that the relations between members of S can
be specified by a geometric structure (e.g. if S is the exponential family then, then F,G € S are
points on the manifold S). Define a sub-manifold M £ {p(z) € S | E,[z] = x*,}. It is immediate
that x%, is a good approximation if ¢(x.q) € M. From an information-geometric point of view,
whether x}, is a good estimation of the true mean depends on the e-curvature of the sub-manifold
M} in S, and the e-curvature is influenced by the graph Goq of {Xoa[—J],...,X0a[K]} the encodes

the interconnections of the binary variables in F[15].

In the case that the underlying distribution X is the one-dimensional standard uniform distri-
bution, if the dataset we are displayed with is a representation in some base 3 that is not a power
of 3, T think it is very feasible to get a good estimate of the distribution of X|t] for at least one or a
few t’s, provided that the encoding/decoding precision is high enough and the dataset size is large

enough (see Proposition Idea).

Proposition Idea: Let B be an arbitrary finite, nonempty, nonsingleton Borel subset of Nj.
Order the elements of B to produce a strictly increasing sequence: B = {by,...,bi}. Let
N > by, be a positive integer. Enumerate the Borel subsets of {0,..., N} as Bf,..., B}, and for
each 1 <r < L, let C, be the set of digits indexed by B.. Let U denote the standard uniform
distribution. Suppose that for some positive integer 8 > 1, U can be parameterized to induce

a manifold S that can be expressed in the form:
S ={p(z;0,v) |6 € RN, v e R},

and such that (1) S is geodesically convex when the proximity between points on S is measured
by Kullback-Leibler divergence, and (2) when I is written in this form, the interactions within

each digit clique C,. in base-f3, is encoded in U only through a simple polynomial c¢,..
Suppose (U, () satisfied the condition specified right above. Let w = (ws,...,w,) be a

tuple of random variables drawn i.i.d. from ¢, and let (%) [t] E‘n) be the equilibrium point of the

BP algorithm for estimating E [2(#)[t]] from w. Then we have

for every positive integer ¢ between 1 and N.

In the generic case (i.e., the binary variables do not represent digit expansion of a normal num-

ber), we can impose bounds on the e-curvature of M via simple restrictions on the form that F'

12



can take. For example, if each clique in the graph {xoq[—J],...,X0a[K]} is represented in F as a

simple finite polynomial, then ¢(x.q) will lie in the sub-manifold M} computed through backpropa-

gation(BP) if Goq is a tree. In this generic case, it is relatively straightforward to obtain a rejection

rule through theoretical derivation or sampling. However, the problem we have here is that the the

restrictions on Go1,...,Gop have to be consistent the earlier assumption that P {X € ND} =1,

that is, X is almost always a normal vector. This is not necessarily to find a a set of restrictions

on the graphs that do all three: (1) actually models reality, (2) induces properties that preserve the

number-theoretical normality of the random vector, and (3) results in useful constraints on the rate

of change in relative frequencies, for example, by further characterizing the inequality ().

To be continued...
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